We examine the dynamical stability of tori around a black hole in general relativity. There exists a similar nonaxisymmetric global unstable mode in a torus with constant specific angular momentum as the Newtonian case, but the growth rate decreases due to a redshift effect.
Recently, geometrically thick disks around black holes have been studied by many authors. I) These models may exist in the inner region of accretion disks and explain the generation of high luminosity and colliminated jets in quasers and active galactic nuclei.
In such tori, there is no reason for the rotation law to be Keplerian as pressure force plays a role in the equilibrium structure. These authors use the rotation laws which satisfy the stability criterion for local axisymmetric perturbation!) However, it is not sufficient. These exist unstable modes for global, nonaxisymmetric perturbation, although the tori are marginally stable for local, axisymmetric one. 3 ) Some properties of these global unstable modes have been discussed by many authors.')-7l The growth rates of unstable modes in the tori with constant specific angular momentum have also been obtained numerically in the Newtonian theory.7)
It is necessary to study the stability of the tori in general relativity, because the tori near a black hole are of special interest. We must take account of the general relativistic effects at least in the inner part of the tori. The relativistic criterion for local stability will be identical in form to Newtonian one, if we consider it in the local proper frame. As for global stability, however, the criterion is not necessarily the same, a priori, because such a global phenomenon is related to collective motion of entire system.
In this short note, we consider an. isentropic perfect flow rotating around a Schwarzschild black hole. The total mass of the torus is so small compared with M (the mass of the central black hole) that the background metric is always fixed as *) Present address: Research Institute for Fundamental Physics, Kyoto University. We use the units of c= G=M=l. As radiation pressure dominates over gas pressure and internal energy is much smaller than the rest mass in such a torus, we approximate the equation of state as (2) where p, p and K are the pressure, proper energy density and a constant, respectively.
Writing the equation of motion into two groups in terms of four velocity U" and projection tensor U"U"+g",,, we have
(U"U,,+ g",,) T"A; A =0 (4) with
U"U"=-l. (6) As an equilibrium state, we consider stationary, axisymmetric one. From Eq. (4), we have the equation of hydrostatic equilibrium:
where the angular velocity Q and specific angular momentum I are defined byS) (8) Equation (7) shows Q = Q (l) (relativistic von
Zeipel theorem). It is convenient to use A as von
Zeipel parameter defined by') (9) Therefore we have l = l(A) and Q = Q (A).
Since the unperturbed state is time-independent and axisymmetric, a perturbed quantity Q is written in the form as
Using the standard linear perturbation technique, we obtain from Eqs. (2) ~(6), (8) and (9),
with
8U'= l8U¢, 8P/P=(4/3)(8p/p) .
First we study the stability criterion ,o ),ll) for local, axisymmetric modes in our system. We assume that quantities in Eqs. (10) ~ (12) with m =0 vary as exp{i(krr+k08)}. In the high wave number limit, we have local dispersion relation,
where
In order for the configuration to be stable, that is, 
This is well-known criterion that the angular momentum per unit internal mass should not decrease outward for stability as the radius of von Zeipel cylinder ().. not rsin8) increases. Next we investigate the global, nonaxisymmetric perturbation in a torus with constant l, which is marginally stable to local, axisymmetric one. This limiting case is important because the torus has very narrow funnels, which cause high luminosity and colliminated jets. 12 ) There are three types of equilibrium configurations depend- However, we restrict our consideration to the stability of tori in closed potentials.
From Ecj. (7) , such equipotential surfaces are given by
We assume p=P=O at r=r-and 8=7[/2, where r -is the innermost edge of the torus and determines equilibrium configuration for a given l. When r -is below a critical value, the surface of the torus extends to either black hole (case (b» or infinity (case (c». We cannot treat such an extended torus numerically that we restrict r -to be much larger than the critical value. Figure 1 shows the growth rate of an unstable mode. 2iT(Im(w/ Qo» means the growth rate during one rotation period at the "center" of the tori. There exists an unstable mode similar to the Newtonian case. The growth rates for all the cases also have similar dependence on the parameter r-/ro which can characterize the size of the torus. However, the maximum growth rate normalized by Q o decreases as [ decreases. The reason is as follows. When r approaches 2 (Schwarzschild radius), redshift factor U' in- creases. As [ decreases, that is, ro decreases, the redshift effect becomes larger relatively in the inner part, which seems to play an important role in .determining global stability because the amplitude of perturbed velocity is large there. (See Fig.2J In that case, the proper growth rate (Im(w) U') of the inner part is larger than that of the outer part. An unstable mode grows in the inner part with effectively the same rate as the Newtonian case, even if Im(w) is somewhat small. As a result, the global growth of the unstable mode is suppressed. These results mean that the general relativistic effects are not so essential because the instability is related to the rotation law. value of 8v" . 8v II is large in the inner part of the torus and the distribution of 8v i is almost cylindrical. These properties are similar to the Newtonian case.
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In conclusion, we have examined the global nonaxisymmetric mode in general relativity. While there are unstable modes similar to the Newtonian case, the growth rate is reduced due to a redshift effect. The next important problem is to study the structure of tori which are dynamically stable. In order to determine these structures, we probably need three-dimensional hydrodynamics, from which the behavior of the unstable mode in nonlinear stage is solved; whether the unstable mode completely disrupts the torus, or is limited to a finite amplitude. Present results are helpful in such a three-dimensional hydrodynamic calculation for numerical code check in linear stage.
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